We investigate semigroup topologies on the full transformation monoid Ω Ω of an infinite set Ω. We show that the standard pointwise topology is the weakest Hausdorff semigroup topology on Ω Ω , show that this topology is the unique Hausdorff semigroup topology on Ω Ω that induces the pointwise topology on the group Sym(Ω) of all permutations of Ω, and construct |Ω| distinct Hausdorff semigroup topologies on Ω Ω . In the case where Ω is countable, we prove that the pointwise topology is the only Polish semigroup topology on Ω Ω . We also show that every separable semigroup topology on Ω Ω is perfect, describe the compact sets in an arbitrary Hausdorff semigroup topology on Ω Ω , and show that there are no locally compact perfect Hausdorff semigroup topologies on Ω Ω when |Ω| has uncountable cofinality.
Introduction
Recall that a topological group is a group G together with a topology on G that makes the multiplication and inversion operations continuous. We shall refer to topologies of this sort as group topologies. The discrete and trivial topologies are group topologies on every group, but the question of finding interesting group topologies has received a great deal of attention in the literature. We begin with a brief overview of this literature, to motivate our work in this paper.
Markov [20] sparked significant interest in the subject when he asked whether there exist infinite groups with no nondiscrete Hausdorff group topologies. This question was answered in the affirmative by Shelah [27] , assuming the continuum hypothesis, and, in ZFC, by Olshanskii [25] in the same year. There are even infinite groups where every quotient of every subgroup has no nondiscrete Hausdorff group topologies [17] .
A substantial portion of the literature on topological groups has focused on Polish groups, which arise in many areas of mathematics, particularly in descriptive set theory. These are topological groups where the topology is Polish, that is, completely metrizable and separable. Compared to the situation explored by Markov, it is easy to find examples both of Polish groups and of topological groups that are not Polish. Specifically, since by the CantorBendixson Theorem [15, Theorem 6.4] , every Polish space has cardinality either at most ℵ 0 or equal to 2 ℵ 0 , any topological group with cardinality greater than 2 ℵ 0 is not Polish. Moreover, there is no nondiscrete Polish group topology on any free group. (This follows from the result of Dudley [8] that every homomorphism from a complete metric group to a free group, with the discrete topology, is continuous.) On the other end of the spectrum are Polish groups with infinitely many non-homeomorphic Polish group topologies. Perhaps the simplest such example is that of the additive group R of real numbers, which is a Polish group with respect to the standard topology. As vector spaces over the field Q of the rational numbers, R and R n are isomorphic for every positive integer n, and so R and R n are isomorphic as additive groups also. But R n is homeomorphic to R m if and only if m = n, and so there are infinitely many non-homeomorphic Polish group topologies on R. In contrast, Shelah [28] showed that it is consistent with the Zermelo-Fraenkel axioms of set theory, without the axiom of choice, that every Polish group has a unique Polish group topology. Of course, in the above example, the axiom of choice was needed to show that R and R n are isomorphic. One of the most extensively studied topological groups is the group Sym(Ω) of all permutations of a set Ω, which has a natural group topology, known as the pointwise topology. This topology is Polish in the case where Ω is countable. Gaughan [10] showed that every Hausdorff group topology on Sym(Ω) contains the pointwise topology, and that there is no nondiscrete locally compact Hausdorff group topology on Sym(Ω). The latter answered problem 96 in the Scottish Book [21] , posed by Ulam. Kechris and Rosendal [16] showed that any homomorphism from Sym(Ω) into a separable group is continuous, which together with Gaughan's result about the pointwise topology implies that there is a unique Polish group topology on Sym(Ω), when Ω is countable. Moreover, Rosendal [26] extended Gaughan's local compactness result to show that there are not even any non-trivial homomorphisms from Sym(Ω) into a locally compact Polish group. Gaughan's result regarding the pointwise topology was also recently extended, by Banakh, Guran, and Protasov [1] , to any subgroup of Sym(Ω) containing the permutations with finite support.
There are many further examples of groups with a unique Polish group topology, such as the group of isometries of Minkowski spacetime (the usual framework for special relativity) [14] ; see also [9, 13] . Furthermore, there is a wealth of examples of infinite groups with no Polish group topologies [6, 19] . Additional references include [5, 7, 11] .
Topological semigroups, that is, semigroups with topologies that make multiplication continuous, have received somewhat less attention in the literature than topological groups. However, some notable recent papers on the topic include [2, 3, 4] .
In this paper we focus on the natural semigroup analogue of Sym(Ω), namely the semigroup Ω Ω of all functions from Ω to Ω, which also has a natural pointwise topology. Our goal is to explore the pointwise topology on Ω Ω in detail, along with semigroup topologies on Ω Ω in general. In Section 2 we give a brief review of the basics of topological semigroups, along with some methods for constructing topologies on semigroups. We then show in Theorem 3.1 that the pointwise topology is the weakest T 1 (and hence also Hausdorff) semigroup topology on Ω Ω . More generally, the same holds for the topology induced by the pointwise topology on any subsemigroup of Ω Ω that contains all the elements of ranks 1 and 2. This is analogous to the result of Gaughan regarding the pointwise topology on Sym(Ω) mentioned above.
Using Theorem 3.1 we show in Proposition 3.3 that the pointwise topology is the unique T 1 semigroup topology on Ω Ω that induces the pointwise topology on Sym(Ω). From this we conclude in Theorem 3.4 that, analogously to a result about Sym(Ω) stated above, the pointwise topology is the only Polish semigroup topology on Ω Ω , when Ω is countably infinite. We also show in Theorem 4.4 that if Ω is infinite, then there are either no isolated points or 2 cf(|Ω|) isolated points in any semigroup topology on Ω Ω , where cf(|Ω|) denotes the cofinality of |Ω|. In particular, every separable semigroup topology on Ω Ω is perfect (i.e., has no isolated points), when Ω is infinite (Corollary 4.5).
In Section 6 we describe the compact sets in an arbitrary T 1 semigroup topology on Ω Ω (Proposition 6.2). We then show that there are no locally compact perfect T 1 semigroup topologies on Ω Ω when |Ω| has uncountable cofinality (Theorem 6.4). This is a partial analogue of Gaughan's local compactness result mentioned above.
Along the way we give various examples to illustrate our results. For instance, we construct |Ω| distinct Hausdorff semigroup topologies on Ω Ω , for Ω infinite (Proposition 4.1). We also construct a natural perfect Hausdorff semigroup topology on Ω Ω for Ω of regular cardinality, which is separable when Ω is countable, and has a very different flavour from the pointwise topology (Proposition 5.1). The paper concludes with an open question.
Topological semigroups
A topological semigroup is a semigroup S together with a topology on S, such that the semigroup multiplication, viewed as a function m : S × S → S, is continuous; where the topology on S × S is the corresponding product topology. A semigroup is semitopological if for every s ∈ S the maps r s : S → S and l s : S → S induced by right, respectively left, multiplication by s are continuous with respect to the relevant topology. It is a standard and easily verified fact that every topological semigroup is semitopological.
Next we give several simple but useful methods for constructing topologies on semigroups.
Lemma 2.1. Let f : S 1 → S 2 be a homomorphism of semigroups. Suppose that S 2 is a topological semigroup with respect to a topology T 2 , and let T 1 be the least topology on S 1 such that f is continuous. Then T 1 = {(A)f −1 : A ∈ T 2 }, and S 1 is a topological semigroup with respect to T 1 .
Proof. Noting that ( i∈I
} is a topology on S 1 . Clearly, this topology is contained in T 1 , and f is continuous with respect to it. Therefore
denote the multiplication map on S i , for i ∈ {1, 2}, and define f c : S 1 × S 1 → S 2 × S 2 by (x, y)f c = ((x)f, (y)f ) for all x, y ∈ S 1 . Then, viewing S 1 × S 1 and S 2 × S 2 as topological spaces in the product topologies induced by T 1 and T 2 , respectively, f c is continuous, since both of its coordinate functions, namely f : S 1 → S 2 , are continuous. (See, e.g., [24, Exercise 18.10] .)
To show that m 1 is continuous, let A ∈ T 1 , and let A ′ ∈ T 2 be such that
for all x, y ∈ S 1 , and hence (A)m (1) Given an ideal I of S, let T 1 = {A : A ⊆ S \ I} ∪ {S} and
Then S is a topological semigroup with respect to T 1 and T 2 .
(2) Let T 1 and T 2 be topologies on S, and let T 3 be the topology generated by T 1 ∪ T 2 . If S is a topological semigroup with respect to T 1 and T 2 , then the same holds for T 3 .
Proof. Let m : S × S → S denote the multiplication map on S.
(1) It is easy to see that T 1 is closed under unions and (finite) intersections, and is hence a topology on S. Since I is an ideal, (A)m −1 ⊆ (S \ I) × (S \ I), and hence (A)m −1 is open in the product topology on S × S induced by T 1 , for any A ∈ T 1 \ {S}. It follows that S is a topological semigroup with respect to T 1 .
Next, let f : S → S/I be the natural homomorphism. Then the elements of T 2 are precisely the preimages under f of the subsets open in the discrete topology on S/I. Thus S is a topological semigroup with respect to T 2 , by Lemma 2.1.
(
Since S is a topological semigroup with respect to T 1 and T 2 , for each i we can write
since it is easy to see that
is open in the product topology on S × S induced by T 3 . It follows that S is a topological semigroup with respect to T 3 .
The two obvious topologies on a semigroup S can be viewed as extremal cases of the constructions in Lemma 2.2(1). Specifically, if I = S, then T 1 = T 2 is the trivial topology, while if I = ∅, then T 1 = T 2 is the discrete topology. As we shall see in Proposition 4.1, the two topologies T 1 and T 2 can also be distinct from each other.
Recall that a topological space X is T 1 if for any two distinct points x, y ∈ X there is an open neighbourhood of x that does not contain y, and X is T 2 , or Hausdorff, if for any two distinct points x, y ∈ X there are open neighbourhoods U and V of x and y, respectively, such that U ∩ V = ∅.
We conclude this section with an observation that, while interesting, will not be used in the rest of the paper. Proposition 2.3. Let S be a topological semigroup with respect to a topology T , define A x = {U : U ∈ T and x ∈ U} for every x ∈ S, and let ρ S = {(x, y) :
Then the following hold.
(1) The relation ρ S is a congruence on S.
(3) The topology T is contained in the least topology on S with respect to which the natural homomorphism S → S/ρ S is continuous, where S/ρ S is endowed with the discrete topology.
Proof.
(1) It is clear that ρ S is an equivalence relation on S, and so it suffices to show that (xs, ys), (sx, sy) ∈ ρ S for all s ∈ S and (x, y) ∈ ρ S . Thus suppose that (x, y) ∈ ρ S , and let U is an open neighbourhood of xs, for some s ∈ S. By the continuity of multiplication, there exist open neighbourhoods V and W of x and s, respectively, such that V W ⊆ U. But A x = A y , and so, in particular, y ∈ V . Thus ys ∈ V W ⊆ U, which shows that ys ∈ A xs . By symmetry, also xs ∈ A ys , giving (xs, ys) ∈ ρ S . The proof that (sx, sy) ∈ ρ S is dual.
(3) Let f : S → S/ρ S be the natural homomorphism defined by (s)f = s/ρ S , and let
be the least topology such that f is continuous (by Lemma 2.1). It is straightforward to verify that U ∈ P if and only if U is a union of ρ S -classes. Hence to prove that T ⊆ P, it suffices to show that if x ∈ V ∈ T , then y ∈ V for all y ∈ S such that (x, y) ∈ ρ S . But if (x, y) ∈ ρ S , then every open neighbourhood of x is also an open neighbourhood of y, and hence y ∈ V , as required.
The pointwise topology
Given a set Ω, we denote by Ω Ω the full transformation monoid of Ω, consisting of all functions from Ω to Ω, under composition. The pointwise (or function, or finite) topology on Ω Ω has a base of open sets of the following form:
where σ = (σ 0 , σ 1 , . . . , σ n ) and τ = (τ 0 , τ 1 , . . . , τ n ) are sequences of elements of Ω, and n ∈ N (the set of the natural numbers). It is straightforward to see that this coincides with the product topology on Ω Ω = Ω Ω, where each component set Ω is endowed with the discrete topology. As a product of discrete spaces, this space is Hausdorff. It is well-known and easy to see that Ω Ω is a topological semigroup with respect to the pointwise topology. If Ω is finite, then Ω Ω is discrete in this topology. Finally, it is a standard fact that if Ω is countable, then the pointwise topology on Ω Ω is Polish, i.e., separable and completely metrisable (see, e.g., [15, Section 3 
.A, Example 3]).
We are now ready to prove an analogue of a result of Gaughan [10, Theorem 1] for infinite symmetric groups, which shows that the pointwise topology is the weakest Hausdorff semigroup topology on Ω Ω . Recall that the rank of a function f ∈ Ω Ω is the cardinality of the image (Ω)f of f .
Theorem 3.1. Let Ω be a set, let S be a subsemigroup of Ω Ω that contains all the transformations of rank at most 2, and let T be a topology on S with respect to which S is a semitopological semigroup. Then the following are equivalent.
(1) T is Hausdorff.
(2) T is T 1 . Proof. We may assume that Ω is infinite, since each of the conditions (1)- (4) is equivalent to T being discrete in the case where Ω is finite. We note, however, that our arguments below only require that Ω contains at least 2 elements. We shall prove that (1)
(1) ⇒ (2) This is a tautology.
(2) ⇒ (3) Assuming that T is T 1 , we start by showing that for any α, β ∈ Ω, the set
is closed in T . Let γ ∈ Ω \ {α}, let f ∈ S be the constant function with image α, and define g ∈ S by
Since T is T 1 , the singleton {f } is closed, and since S is semitopological with respect to T , the composite l f • r g : S → S of multiplication maps is continuous. Hence
. . , σ n ) and τ = (τ 0 , τ 1 , . . . , τ n ) be arbitrary sequences of elements of Ω, of the same finite length. Then Ω is Hausdorff, so is the topology it induces on S, and hence so is any topology on S that contains this induced topology.
(3) ⇒ (4) Let σ = (σ 0 , σ 1 , . . . , σ n ) and τ = (τ 0 , τ 1 , . . . , τ n ) be arbitrary finite sequences of elements of Ω, of length n + 1. Then
where φ = (φ 0 , φ 1 , . . . , φ n ) runs over all sequences of elements of Ω of length n + 1, distinct
Thus, if (4) holds, then {f } is closed in T . Since f ∈ S was arbitrary, it follows that T is
We shall show in Proposition 4.1 that Ω Ω has many Hausdorff semigroup topologies different from the pointwise one.
Next we give an example of a semitopological subsemigroup S of Ω Ω with a topology that is T 1 but not Hausdorff, to show the necessity of the hypothesis on S in Theorem 3.1.
Given a set X we denote by |X| the cardinality of X.
Let Ω be an infinite set, let S be an infinite subsemigroup of Ω Ω consisting of bijections (so S is a subsemigroup of Sym(Ω)), and let T be the cofinite topology on S. That is, T consists of precisely ∅ and the cofinite subsets of S (i.e., X ⊆ S such that |S \ X| < ℵ 0 ). Clearly, T is T 1 . (In fact, the cofinite topology is the weakest T 1 topology on any set.) On the other hand, since S is infinite, the intersection of any two nonempty elements of T is infinite, and hence T is not Hausdorff. We shall show that S is semitopological with respect to T .
Let U ∈ T \ {S} be a nonempty open set, write S \ U = {g 0 , . . . , g n } for some n ∈ N, and let f ∈ S. Since f is a bijection, and hence invertible both on the left and the right (in Sym(Ω)), for each i ∈ {0, . . . , n} there can be at most one h ∈ S such that f h = g i , and at most one h ∈ S such that hf = g i . Hence
and therefore |S \ (U)l
f ∈ T for all U ∈ T , and hence S is semitopological with respect to T . Given a set Ω, the pointwise topology on the group Sym(Ω) of all permutations of Ω is the subspace topology induced on Sym(Ω) by the pointwise topology on Ω Ω . It is well-known and easy to see that Sym(Ω) is a topological group with respect to the pointwise topology. (That is, Sym(Ω) is a topological semigroup with respect to this topology, and the inversion map Sym(Ω) → Sym(Ω) is continuous.) Moreover, as with Ω Ω , if Ω is countable, then the pointwise topology on Sym(Ω) is Polish (see, e.g., [15, Section 9 
.A, Example 7]).
It turns out that the pointwise topology on Ω Ω is the only T 1 semigroup topology that induces the pointwise topology on Sym(Ω). Proposition 3.3. Let Ω be a set, and let P denote the pointwise topology on Ω Ω . Suppose that Ω Ω is a semitopological semigroup with respect to a T 1 topology T , and that T induces a topology on Sym(Ω) that is contained in the pointwise topology. Then T = P.
Proof. We may assume that Ω is infinite, since otherwise the only T 1 topology on Ω Ω is the discrete topology, which coincides with P in this case.
Write Ω = α∈Ω Σ α , where the union is disjoint, and |Σ α | = |Ω| for each α ∈ Ω. Let g 1 ∈ Ω
Ω be an injective function such that |Ω \ (Ω)g 1 | = |Ω|, and let g 2 ∈ Ω Ω be the function that takes each Σ α to α. Then it is easy to show that g 1 Sym(Ω)g 2 = Ω
Ω (see the proof of [22, Theorem 12] for the details).
Let U ∈ T be a nonempty open set, and let f ∈ U. Also let h ∈ Sym(Ω) be such that
and hence there is an open neighbourhood
, and let
Then for each g ∈ W , there exists p ∈ V such that (α)g 1 p ∈ Σ (α)g for all α ∈ Ω, and hence
Since f ∈ U was arbitrary and W ∈ P, this implies that U ∈ P, and hence T ⊆ P. Finally, since T was assumed to be T 1 , we conclude that T = P, by Theorem 3.1.
Recall that a topological space is separable if it contains a countable dense subset. Kechris and Rosendal showed in [16, Theorem 6.26] that the pointwise topology is the only nontrivial separable group topology on Sym(Ω), when Ω is countably infinite. In particular, the pointwise topology is the only Polish group topology on Ω in this situation, since any Polish topology must be Hausdorff, and hence nontrivial. Using Proposition 3.3, we can prove the analogous statement for Ω Ω .
Theorem 3.4. Let Ω be a countably infinite set. Then the pointwise topology is the only Polish topology on Ω Ω with respect to which it is a semitopological semigroup.
Proof. Let P denote the pointwise topology on Ω Ω , and let T be any Polish topology on Ω Ω with respect to which it is a semitopological semigroup. Then, in particular, T is Hausdorff and so T ⊇ P, by Theorem 3.1. It is a standard fact (see, e.g., [15, Theorem 3.11] ) that a subspace of a Polish space is Polish if and only if it is G δ (i.e., a countable intersection of open sets). Since Sym(Ω) is Polish in the topology induced by P, it follows that Sym(Ω) is a G δ subspace of Ω Ω with respect to P. From the fact that T ⊇ P, we conclude that Sym(Ω) is also a G δ subspace of Ω Ω with respect to T , and hence Sym(Ω) is a Polish space in the topology induced by T . Since Ω Ω is a semitopological semigroup with respect to T , it is easy to see that the same holds for Sym(Ω) with respect to the topology induced by T , and therefore it is a Polish semigroup in this topology.
According to a result of Montgomery [23, Theorem 2] , if a group is a semitopological semigroup with respect to a Polish topology, then it is a topological group with respect to that topology. Hence Sym(Ω) is a Polish group in the topology induced by T , and therefore this topology must be the pointwise topology on Sym(Ω), by [16, Theorem 6.26] . Finally, Proposition 3.3 implies that T = P.
We note that [16, Theorem 6.26] and Proposition 3.3 imply a stronger statement than what is used in the final paragraph of the above proof. Specifically, the pointwise topology is the only T 1 semitopological semigroup topology on Ω Ω that induces a separable group topology on Sym(Ω), when Ω is countably infinite. To complement this observation and Theorem 3.4, we record the following fact.
Corollary 3.5. Let Ω be an uncountable set. Then Ω Ω does not admit a separable T 1 topology with respect to which it is a semitopological semigroup.
Proof. Suppose that Ω
Ω is a semitopological semigroup with respect to a T 1 topology T , and that X ⊆ Ω Ω is countable and dense in T . By Theorem 3.1, T contains the pointwise topology, and hence each subset of Ω Ω of the form [σ : τ ] contains an element of X. Letting α ∈ Ω be any element, we can find some β ∈ Ω \ (α)X, since |(α)X| ≤ ℵ 0 . Hence [(α) : (β)] ∩ X = ∅, producing a contradiction.
Topologies with isolated points
It is well-known (see [18, Lemma 1] ) that the proper ideals of Ω Ω are precisely the subsemigroups of the form
where λ is a cardinal satisfying 1 ≤ λ ≤ |Ω|. This fact allows us to construct |Ω| distinct Hausdorff semigroup topologies on Ω Ω (containing the pointwise topology). These topologies, along with all the others considered in this section, have isolated points, i.e., points x such that {x} is open. Proposition 4.1. Let Ω be an infinite set, let T P denote the pointwise topology on Ω Ω , and for each nonempty proper ideal I λ of Ω Ω , let
Also let T P ∪I i λ be the topology on Ω Ω generated by T P and T I i λ (i ∈ {1, 2}, 1 < λ ≤ |Ω|). Then the following diagram consists of Hausdorff topologies with respect to which Ω Ω is a topological semigroup:
is the discrete topology.
Proof. By Lemma 2.2(1), Ω
Ω is a topological semigroup with respect to each T I i λ , and hence, by Lemma 2.2(2), the same holds for each T P ∪I i λ . Moreover, the topologies T P ∪I i λ are Hausdorff, since they contain the pointwise topology T P .
It is easy to see that for any 1 < λ ≤ |Ω| the topology T P ∪I 1 λ consists of all sets of the form A ∪ B, where A ∈ T P and B ⊆ Ω Ω \ I λ , while the topology T P ∪I 2 λ consists of all sets of the form (A ∩ I λ ) ∪ B, where A ∈ T P and B ⊆ Ω Ω \ I λ . Thus, T P ∪I 1 λ ⊂ T P ∪I 2 λ for each 1 < λ ≤ |Ω|. Moreover, given two cardinals 1 < λ < κ ≤ |Ω| and i ∈ {1, 2}, I λ ⊆ I κ and
it suffices to show that f ∈ I κ \ I λ is not isolated in T P ∪I i κ . But this follows immediately from the fact that A ∩ I κ is either empty or infinite, for any A ∈ T P and κ ≥ 3, and hence any open set in T P ∪I i κ containing f is infinite. Finally, T P ∪I 2 2 is the discrete topology, since
is the singleton set consisting of the constant function with value α, for any α ∈ Ω, and all non-constant elements of Ω Ω are isolated in
, by definition.
In addition to describing the ideals of Ω Ω , Mal'cev [18] classified all the congruences ρ on this semigroup. Thus, one can obtain additional Hausdorff semigroup topologies on Ω Ω by putting the discrete topology on Ω Ω /ρ, and considering the topology generated by the pointwise topology together with the one induced on Ω Ω via Lemma 2.1 (with f : Ω Ω → Ω Ω /ρ taken to be the natural projection). However, the topologies obtained this way typically, though not always, coincide with ones described in the previous proposition. Since non-Rees congruences on Ω Ω tend to be complicated to describe, we shall not discuss the resulting topologies in further detail here.
All the topologies on Ω Ω constructed in Proposition 4.1 have 2 |Ω| isolated points, since for example, all the surjective elements of Ω Ω are isolated in these topologies. Our next goal is to show that any semigroup topology on Ω Ω with isolated points also must have "many" of them. We begin with a couple of lemmas.
Lemma 4.2.
Let Ω be a set, and suppose that Ω Ω is a semitopological semigroup with respect to some topology. Also suppose that f, g ∈ Ω Ω have the property that there exist b 0 , . . . , b n ∈ Ω Ω and injective a 0 , . . . , a n ∈ Ω Ω , such that
If f is isolated, then so is g.
Proof.
Suppose that i ∈ {0, . . . , n} and that h ∈ Ω Ω is such that b i ha i = f . Then b i ha i = b i ga i , and since a i is injective, b i h = b i g. In other words, h and g agree on (Ω)b i . Hence if
and therefore if f is isolated, then so is g.
A kernel class of an element f ∈ Ω Ω is a nonempty set of the form
The kernel ker(f ) of f ∈ Ω Ω is the collection of the kernel classes of f . Finally, the kernel class type of f is the collection {f κ : 1 ≤ κ ≤ |Ω|}, where f κ is the cardinality of the set of kernel classes of f of size κ.
Lemma 4.3.
Let Ω be a nonempty set, and suppose that Ω Ω is a semitopological semigroup with respect to some topology. Also let f, g ∈ Ω Ω be such that there is a bijection p from the set of kernel classes of g to the set of kernel classes of f , with the property that |(Σ)p| ≥ |Σ| for each kernel class Σ of g. If f is isolated, then so is g.
In particular, if an element of Ω Ω is isolated, then so is every other element of Ω Ω with the same kernel class type.
Proof. We may assume that |Ω| ≥ 2, since otherwise f = g.
Since the kernel classes of f and g are in one-to-one correspondence, |(Ω)f | = |(Ω)g|, and hence we can write (Ω)f = {β ι : ι ∈ Γ} and (Ω)g = {γ ι : ι ∈ Γ}, for some index set Γ. Moreover, by the hypothesis on p, we may choose the β ι and γ ι such that |(
Ω be any elements that take γ ι to β ι for all ι ∈ Γ, and that have constant value δ 0 , δ 1 ∈ Ω, respectively, on Ω \ (Ω)g, where δ 0 = δ 1 . Then bga 0 = bga 1 = f . We shall show that g is the only element of Ω Ω with this property. Suppose that bha 0 = f for some h ∈ Ω Ω . Then (α)bh = (α)bg for any α ∈ Ω satisfying (α)f = δ 0 . Similarly, if bha 1 = f and (α)f = δ 1 , then (α)bh = (α)bg. Thus if both bha 0 = f and bha 1 = f , then bh = bg, and hence h = g, since b is surjective and therefore left-invertible. Thus, we have shown that
and therefore if f is isolated, then so is g. The final claim is immediate.
The cofinality cf(κ) of a cardinal κ is the least cardinal λ such that κ is the union of λ cardinals, each smaller than κ. A cardinal κ is regular if cf(κ) = κ. It is a standard and easily verified fact that cf(κ) ≤ κ for every cardinal κ. Let us also recall that for an infinite cardinal κ, the cofinality cf(κ) is necessarily infinite. (Otherwise it would be the case that κ = λ 0 + · · · + λ n for some n ∈ N and infinite cardinals λ i < κ. But n i=0 λ i = max{λ 0 , . . . , λ n }, since the λ i are infinite, contradicting λ i < κ.) We are now ready for the main result of this section.
Theorem 4.4.
Let Ω be an infinite set, let κ = cf(|Ω|), and suppose that Ω Ω is a semitopological semigroup with respect to some topology. Then there are either no isolated points or at least 2 κ isolated points in Ω Ω . In particular, if |Ω| is regular, then there are either no isolated points or 2 |Ω| isolated points in Ω Ω .
Proof. Suppose that f ∈ Ω Ω is isolated. If f has at least κ distinct kernel classes, then the set of those g ∈ Ω Ω with the same kernel class type as f has cardinality at least 2 κ . (Since κ is infinite, one can obtain 2 κ such g by permuting κ of the elements in the image of f .) Hence, there are at least 2 κ isolated points in Ω Ω , by Lemma 4.3. Let us therefore assume that f has strictly fewer than κ distinct kernel classes, and so, in particular, Ω \ (Ω)f = ∅, since κ ≤ |Ω|.
It cannot be the case that every kernel class of f has cardinality strictly less than |Ω|, since then the union of these (fewer than κ) kernel classes would have cardinality strictly less than |Ω|, by the definition of "cofinality". This would contradict the fact that the union of the kernel classes of any element of Ω Ω is Ω. Therefore, there must be a kernel class Σ of f such that |Σ| = |Ω|. Let (Σ)f = β, and partition Σ as Σ = Λ 0 ∪ Λ 1 , such that Λ 0 and Λ 1 are nonempty. Let g ∈ Ω Ω be defined by
where γ is any value in Ω \ (Ω)f (which exists by assumption). Let b 0 , b 1 ∈ Ω Ω be any functions that act as the identity on Ω \ Σ, and where (Σ)b 0 = Λ 0 and (Σ)b 1 = Λ 1 . Also let a 0 ∈ Ω Ω be the identity function, and let a 1 ∈ Ω Ω be the transposition interchanging β and
and f = b 0 ga 0 = b 1 ga 1 . Hence g is isolated, by Lemma 4.2. Since there are 2 |Σ| = 2 |Ω| ways to partition Σ into Λ 0 and Λ 1 , resulting in 2 |Ω| ≥ 2 κ functions g, the desired conclusion follows.
For the final claim, we recall the fact that 2 λ = µ λ for any infinite cardinal λ and any cardinal µ satisfying 2 ≤ µ ≤ λ (see, e.g., [12, Lemma 5.6] ). Thus 2 |Ω| = |Ω| |Ω| = |Ω Ω |, since Ω is assumed to be infinite. Therefore, if |Ω| is regular and there are isolated points in Ω Ω , then there are precisely 2 cf(|Ω|) = 2 |Ω| of them.
Recall that a topology is perfect if it has no isolated points.
Corollary 4.5. Let Ω be an infinite set. Then every separable topology on Ω Ω , with respect to which Ω Ω is a semitopological semigroup, is perfect.
Proof. Suppose that Ω Ω is a semitopological semigroup with respect to a separable topology T . By Theorem 4.4, if T has isolated points, then it must have at least 2 cf(|Ω|) ≥ 2 ℵ 0 of them, since as noted above, cf(|Ω|) ≥ |Ω| ≥ ℵ 0 . But since T is separable, it can have at most countably many isolated points, and therefore T must be perfect.
We conclude this section with another result about isolated points. It sheds additional light on the topologies constructed in Proposition 4.1 and strengthens Lemma 4.3.
Proposition 4.6. Let Ω be an infinite set, and suppose that Ω Ω is a semitopological semigroup with respect to some topology. Let f, g ∈ Ω Ω be such that f is isolated. If either of the following conditions holds, then g is also isolated.
(2) |(Ω)f | = |(Ω)g| ≥ ℵ 0 , and there is an injection p from the set K g of kernel classes of g to the set K f of kernel classes of f , with the property that |(Σ)p| ≥ |Σ| for each
Proof. Suppose that (1) holds. Let Ξ 0 , . . . , Ξ n be the kernel classes of f , where we may assume that |Ξ 0 | = |Ω|, and let Υ 0 , . . . , Υ m be the kernel classes of g. Also, write (Ξ i )f = α i and (Υ j )g = β j for all i ∈ {0, . . . , n} and j ∈ {0, . . . , m}. For each j ∈ {0, . . . , m} let a j ∈ Ω Ω be an injection such that (β j )a j = α 0 and
Such functions exist, since n ≤ m. Also for each j ∈ {0, . . . , m} let b j ∈ Ω Ω be such that (Ξ 0 )b j = Υ j , and (Ξ i )b j ⊆ Υ l , where β l = (α i )a −1 j , for each i ∈ {1, . . . , n}. Such functions exist, since |Ξ 0 | = |Ω|. Then b j ga j = f for each j ∈ {0, . . . , m}, and
Therefore g is isolated, by Lemma 4.2. Now suppose that (2) holds. Upon replacing f with another function having the same kernel, we may assume, by Lemma 4.3, that |Ω \ (Ω)f | = |Ω|. Since the image of g is infinite, we can write
where the union is disjoint, and |Γ| = |∆| = |(Ω)g|. Let b 0 ∈ Ω Ω be such that ((Ξ ι )p)b 0 = Ξ ι for each ι ∈ Γ, and b 0 takes K f \ ({Ξ ι : ι ∈ Γ})p injectively into {Υ ζ : ζ ∈ ∆}. (That is, b 0 maps all the points in an element of K f \ ({Ξ ι : ι ∈ Γ})p to some Υ ζ .) Such a transformation exists, since |(Ξ ι )p| ≥ |Ξ ι | for each Ξ ι , and
and since |Ω \ (Ω)f | = |Ω|, there exist injective a 0 , a 1 ∈ Ω Ω such that b 0 ga 0 = b 1 ga 1 = f . Hence, by Lemma 4.2, g is isolated.
Topologies obtained by restricting images
Given a set Ω and collection {Σ α : α ∈ Ω} of subsets of Ω, we identify α∈Ω Σ α with {f ∈ Ω Ω : (α)f ∈ Σ α for all α ∈ Ω}.
Next we construct a perfect Hausdorff topology on Ω Ω , different from the pointwise topology, by declaring certain sets of the form α∈Ω Σ α open.
Proposition 5.1. Let Ω be an infinite set, let
and let T = B denote the topology on Ω Ω generated by B. Then the following hold.
(1) B is closed under finite intersections, and in particular is a base for T .
(2) Any base for T must have strictly more than |Ω| elements.
(3) T strictly contains the pointwise topology. In particular, T is Hausdorff.
(4) T is perfect.
(5) There is a subset of Ω Ω of cardinality | κ<|Ω| |Ω| κ | that is dense in T . In particular, if Ω is countable, then T is separable.
(6) No nonempty element of B is contained in a compact subset of Ω Ω .
(7) If |Ω| is regular, then Ω Ω is a topological semigroup with respect to T .
(1) Let n ∈ N, and let α∈Ω Σ i,α ∈ B for i ∈ {0, . . . , n}. Then n i=0 α∈Ω
showing that B is closed under finite intersections. Since the elements of B cover Ω Ω (e.g., because Ω Ω ∈ B), it follows that B is a base for T = B .
(2) Let {X α : α ∈ Ω} ⊆ T be a collection of nonempty open subsets of Ω Ω . We shall construct sets Σ α ⊆ Ω such that α∈Ω Σ α ∈ B and X β ⊆ α∈Ω Σ α for all β ∈ Ω, which implies that {X α : α ∈ Ω} cannot be a base for T , and hence that any base for T must have strictly more than |Ω| elements.
Without loss of generality, we may assume that Ω is a cardinal. Since, by (1), B is a base for T , for each β ∈ Ω we can find a nonempty α∈Ω Σ α,β ∈ B such that α∈Ω Σ α,β ⊆ X β .
Next we shall construct recursively a function f : Ω → Ω. Assuming that (α)f is defined for all α < β ∈ Ω, let (β)f be such that (β)f = (α)f for all α < β, and such that β ∈ Σ (β)f,β . Such (β)f ∈ Ω exists, since
This is well-defined, since f is injective, and clearly α∈Ω Σ α ∈ B. Moreover, α∈Ω Σ α,β ⊆ α∈Ω Σ α for all β ∈ Ω, since β ∈ Σ (β)f,β \ Σ (β)f . Hence X β ⊆ α∈Ω Σ α for all β ∈ Ω, as desired.
(3) Let σ = (σ 0 , σ 1 , . . . , σ n ) and τ = (τ 0 , τ 1 , . . . , τ n ) be two finite sequences of elements of Ω of the same length, and let
showing that T contains the pointwise topology, and is hence Hausdorff. Since the sets of the form [σ : τ ] constitute a base for the pointwise topology of cardinality |Ω|, we conclude from (2) that T strictly contains the pointwise topology. (4) If α∈Ω Σ α ∈ B, then for any β, γ ∈ Ω there must be infinitely many α ∈ Ω such that β, γ ∈ Σ α . Thus each nonempty element of B is (uncountably) infinite, and hence by (1), T has a base consisting of infinite sets. In particular, no point can be isolated in T .
(5) Fix α ∈ Ω. Given Γ ⊆ Ω, where 0
Then letting X be the union of the X Γ , we see that X is dense in T .
In the case where Ω is countable, |X| = ℵ 0 , which implies that T is separable. (6) Let α∈Ω Σ α ∈ B be nonempty, and suppose that α∈Ω Σ α ⊆ X for some compact X ⊆ Ω Ω . Then, by the definition of B, we can find an infinite Γ ⊆ Ω and distinct γ β ∈ Ω, such that γ β ∈ Σ β and |Σ β | ≥ 2 for all β ∈ Γ. For each β ∈ Γ let
and let
Also let
Then α∈Ω Ξ α,β ∈ B for each β ∈ Γ, and α∈Ω ∆ α ∈ B. Moreover, Y is an open cover of Ω Ω , and hence also of X, since for each f ∈ Ω Ω \ α∈Ω ∆ α there is some β ∈ Γ such that (β)f = γ β , and hence f ∈ α∈Ω Ξ α,β . However, it is easy to see that α∈Ω Σ α is not contained in the union of any finite collection of elements of Y , and hence neither is X, contradicting X being compact. Therefore α∈Ω Σ α is not contained in any compact subset of Ω Ω . (7) Without loss of generality we may assume that Ω is a (regular) cardinal, and so in particular, it is well-ordered. Let α∈Ω Σ α ∈ B and f, g ∈ Ω Ω be such that f g ∈ α∈Ω Σ α . We shall construct α∈Ω Γ α , α∈Ω ∆ α ∈ B such that f ∈ α∈Ω Γ α , g ∈ α∈Ω ∆ α , and
The existence of such sets implies that the multiplication map on Ω Ω is continuous with respect to T , and hence that Ω Ω is a topological semigroup. For each α ∈ Ω let Γ α = {(α)f } ∪ {β ∈ Ω : (β)g ∈ Σ α and β < α}
for all β ∈ Ω, we see that |{α ∈ Ω : β / ∈ Γ α }| < Ω for all β ∈ Ω, and hence α∈Ω Γ α ∈ B. To show that g ∈ α∈Ω ∆ α , let α ∈ Ω, and let β ∈ Ω be such that α ∈ Γ β . Then either α = (β)f , or (α)g ∈ Σ β . In both cases, (α)g ∈ Σ β , and hence (α)g ∈ ∆ α , as desired.
To prove that α∈Ω ∆ α ∈ B we note that for any β ∈ Ω,
and Ω is regular. Finally, let γ ∈ Ω, f ′ ∈ α∈Ω Γ α , and g ′ ∈ α∈Ω ∆ α . Then (γ)f ′ ∈ Γ γ , and so
Hence f ′ g ′ ∈ α∈Ω Σ α , which shows that ( †) holds.
The next result suggests that making sets of the form α∈Ω Σ α open, other than those in the above construction, tends to result in semigroup topologies on Ω Ω that are not perfect. Let Ω be an infinite set, and suppose that Ω Ω is a semitopological semigroup with respect to some topology.
(1) Suppose that there exist β ∈ Ω, a constant function f ∈ Ω Ω , and an open neighbourhood U of f , such that U ⊆ α∈Ω Σ α and |{α ∈ Ω : β / ∈ Σ α }| = |Ω|. Then f is isolated.
(2) Let {Σ α : α ∈ Ω} be a collection of disjoint nonempty subsets of Ω, and suppose that U ⊆ α∈Ω Σ α is open. Then every element of U is isolated.
(1) Write (Ω)f = γ, set Γ = {α ∈ Ω : β ∈ Σ α }, and let g ∈ Ω Ω be defined by
and f ∈ (U)r 
and f ∈ (U)r
We may assume that U = ∅, since otherwise there is nothing to prove. Let f ∈ U be arbitrary. For each α ∈ Ω we wish to construct Ξ α ⊆ Ω, such that the following properties are satisfied:
First, partition Ω as Ω = α∈Ω Λ α , where |Λ α | = |Ω| for each α ∈ Ω. Then |( β∈Λα Σ β ) \ Σ α | = |Ω| for each α ∈ Ω, since the Σ α are disjoint and |Λ α | = |Ω|. Hence for each α ∈ Ω we can construct Ξ α that satisfies (a) and (b) by choosing |Σ α | elements from ( β∈Λα Σ β ) \ Σ α , along with (α)f . Since the Λ α are disjoint, the sets so constructed also satisfy (c). Now add any remaining elements of Ω to the Ξ α in any way that preserves Σ α ∩ Ξ α = {(α)f } for all α ∈ Ω. The resulting sets Ξ α will then satisfy (a), (b), (c), and (d).
Since the Ξ α satisfy (a), (b), and (c), we can find a g ∈ Ω Ω such that (Ξ α )g = Σ α and (α)f g = (α)f for all α ∈ Ω. If h ∈ Ω Ω is such that hg ∈ U, then (α)hg ∈ Σ α , and hence (α)h ∈ (Σ α )g −1 = Ξ α , for all α ∈ Ω (since the Σ α are disjoint and α∈Ω Ξ α = Ω). Thus (U)r 
Compactness
Our next goal is to describe the compact sets in an arbitrary T 1 semigroup topology on Ω Ω . We begin with a characterisation of the compact sets in the pointwise topology on Ω Ω . If Ω is countable, in which case the pointwise topology on Ω Ω is Polish, and hence metrisable, this characterisation can be obtained from the standard fact that a subset of a metric space is compact if and only if it is complete and totally bounded. Proving the fact in question for arbitrary Ω is also easy, but we provide the details for the convenience of the reader.
Given a topological space X, a subset U of X is nowhere dense if X \ U is dense in X, where U denotes the closure of U.
Lemma 6.1. Let Ω be a set, let X ⊆ Ω Ω , and let T denote the pointwise topology on Ω Ω . Then the following hold.
(1) X is compact in T if and only if X is closed in T and |(α)X| < ℵ 0 for all α ∈ Ω.
(2) If Ω is infinite and X is compact in T , then X is nowhere dense.
Proof. (1) We may assume that Ω is nonempty, since otherwise every subset of Ω Ω is both compact and closed in T .
Suppose that X is compact. It is a standard fact that in a Hausdorff space every compact subset is closed (see, e.g., [24, Theorem 26.3] ), and hence X is closed in T . Now, let α ∈ Ω.
for some β 0 , . . . , β n ∈ Ω and n ∈ N. Hence (α)X ⊆ {β 0 , . . . , β n }, giving |(α)X| < ℵ 0 . Conversely, suppose that X is closed in T and |(α)X| < ℵ 0 for all α ∈ Ω. For each α ∈ Ω let Σ α = (α)X, and let Y = α∈Ω Σ α ⊆ Ω Ω consist of all functions f ∈ Ω Ω such that (α)f ∈ Σ α . Then X ⊆ Y . Since every closed subset of a compact set is compact (see, e.g., [24, Theorem 26.2] ), it suffices to show that Y is compact. Now the subspace topology on Y induced by T is precisely the product topology on α∈Ω Σ α resulting from endowing each Σ α with the discrete topology. Since each Σ α is finite, and hence compact, Y is a product of compact sets. Therefore Y compact, by Tychonoff's theorem (see, e.g., [24, Theorem 37 .3]), as desired.
(2) If X is compact, then by (1), for each α ∈ Ω the set (α)X = Σ α is finite. As before we have X ⊆ Y = α∈Ω Σ α . Now let σ and τ be any two sequences of elements of Ω of the same finite length. Since Ω is infinite, we can find some α ∈ Ω \ σ, and some f ∈ [σ : τ ] such that (α)f / ∈ Σ α . Then f ∈ Ω Ω \ Y ⊆ Ω Ω \ X. Since sets of the form [σ : τ ] constitute a base for T , this implies that Ω Ω \ X = Ω Ω \ X is dense in Ω Ω , and hence X is nowhere dense.
Proposition 6.2. Let Ω be a set, and suppose that Ω Ω is a semitopological semigroup with respect to some T 1 topology. If X ⊆ Ω Ω is compact, then X is closed and |(α)X| < ℵ 0 for all α ∈ Ω.
Proof. By Theorem 3.1, if T is a T 1 topology with respect to which Ω Ω is a semitopological semigroup, then T contains the pointwise topology. Hence a set compact in such a topology T is also compact in the pointwise topology. The desired conclusion now follows from Lemma 6.1(1).
In general, it is not the case that all subsets of Ω Ω (for Ω infinite) that are closed and satisfy |(α)X| < ℵ 0 for all α ∈ Ω are compact in a T 1 semigroup topology. For example, consider the discrete topology, where only finite sets are compact.
Recall that a topological space is locally compact if every element has an open neighbourhood that is contained in some compact set. The remainder of this section is devoted to showing that locally compact semigroup topologies on Ω Ω are generally not well-behaved.
Corollary 6.3. Let Ω be an infinite set, and suppose that Ω Ω is a semitopological semigroup with respect to some locally compact T 1 topology T . Then any base for T must have strictly more than |Ω| elements.
Proof. Suppose that there is a base B for T such that |B| ≤ |Ω|. Since T is locally compact, for every f ∈ Ω Ω there exists some U f ∈ B and a compact set X f ⊆ Ω Ω such that f ∈ U f ⊆ X f . Hence f ∈Ω Ω X f = Ω Ω . Since |B| ≤ |Ω|, we can find some subset {X α : α ∈ Ω} of {X f : f ∈ Ω Ω }, such that α∈Ω X α = Ω Ω . In view of each X α being compact, it follows from Proposition 6.2 that (α)X α is finite for each α ∈ Ω. But since Ω is infinite, we can find some f ∈ Ω Ω such that (α)f / ∈ (α)X α for all α ∈ Ω, which contradicts α∈Ω X α = Ω Ω . Thus any base for T must have > |Ω| elements.
We observe that while the topology on Ω Ω constructed in Proposition 5.1 satisfies the conclusion of the previous result, it is not locally compact, since Proposition 5.1 (6) implies that no element of Ω
Ω has an open neighbourhood that is contained in a compact set. We are now ready to give a partial analogue of the result [10, Section 4] of Gaughan that there is no nondiscrete locally compact Hausdorff group topology on Sym(Ω).
Theorem 6.4. Let Ω be an infinite set such that |Ω| has uncountable cofinality, and suppose that Ω Ω is a semitopological semigroup with respect to a locally compact topology T . Then T is either not perfect or not T 1 .
Proof. Seeking a contradiction, suppose that T is perfect and T 1 , and let f ∈ Ω Ω be a constant function. Since T is locally compact, there must be a compact set X and an open neighbourhood U of f such that U ⊆ X. Letting Σ α = (α)X for each α ∈ Ω, we have U ⊆ α∈Ω Σ α . Since T is perfect, by Proposition 5.2(1), it must be the case that |{α ∈ Ω : β / ∈ Σ α }| < |Ω| for each β ∈ Ω. Then letting Γ ⊆ Ω be a countably infinite set, |{α ∈ Ω : Γ ⊆ Σ α }| ≤ β∈Γ {α ∈ Ω : β / ∈ Σ α } < |Ω|, since |Ω| is assumed to have uncountable cofinality. Hence Γ ⊆ Σ α for some α ∈ Ω, making Σ α infinite. But since T is T 1 , by Proposition 6.2, |Σ α | < ℵ 0 for all α ∈ Ω, producing the desired contradiction.
In light of Theorem 6.4 we ask the following.
Question 6.5. Does there exist an infinite set Ω and a perfect locally compact T 1 (or Hausdorff ) topology on Ω Ω with respect to which it is a topological semigroup?
